SCSA Syllabus Points

1.3.1 use implication, converse, equivalence, negation, inverse, contrapositive
1.3.2 use proof by contradiction

2.3.1 prove simple results involving numbers

2.3.2 express rational numbers as terminating or eventually recurring decimals
and vice versa

2.3.3 prove irrationality by contradiction for numbers such as root two
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To understand and use various methods of proof, including:

> direct proof
> proof by contrapositive
> proof by contradiction.

To write down the negation of a statement.
To write and prove converse statements.
To understand when mathematical statements are equivalent.

To use the symbols for implication (=) and equivalence ().

To understand and use the quantifiers ‘for all" and ‘there exists'.

To disprove statements using counterexamples.

To understand and use the principle of mathematical induction.

V Cr all

]

%%QN

exicte




Mathematics is special A proof
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* A mathematical proof is an argument that demonstrates
the absolute truth of a statement ~ corre (t
* One can only “prove” in Mathematics — this certainty ~ clear
makes Mathematics different from other sciences ~ Sipnp 73
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* In science, a theory is never proved true, instead, the
aim is to prove that a theory is not true (falsification, ref.

Karl Popper)

 Even if falsifying evidence is hard to find, this increases
likelihood the theory is correct, but not a guarantee.




Pythagoras' theorem

Take any triangle with side lengths @, b and c. If the angle between a and b is 90°, then

a* + b* = ¢?
Proof Consider the two squares shown below. OD(/SO
2
a b (a+b) =
2
a ’ + QGB 4_ b

The two squares each have the same total area. So subtracting four red triangles from

each figure will leave the same area. Therefore a* + b* = ¢2.
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» Conditional statements

Consider the following sentence:

‘ Statement | If  itisraining  then  the grassis wet.

This is called a conditional statement and has the form:

Statement If P 1s true then 0 1s true.
This can be abbreviated as /K hﬂ PO‘(’L’,@S (¢ conclu Sloh
P=0

which is read ‘P implies Q. We call P the hypothesis and Q the conclusion.

Not all conditional statements will be true. For example, switching the hypothesis and the

conclusion above gives:

Statement | If  the grassiswet  then  itis raining.

gw%at elge can CcCause ’H/Lz
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Direct proof

To give a direct proof of a conditional statement P = Q, we assume that the hypothesis P
is true, and then show that the conclusion Q follows.

Example 1

Prove the following statements:

a Ifaisodd and b is even, then a + b is odd.
b If ais odd and b is odd, then ab is odd.




Direct proof
To give a direct proof of a conditional statement P = Q, we assume that the hypothesis P
is true, and then show that the conclusion Q follows.

Example 1

Prove the following statements:

a If ais odd and b is even, then a + b is odd.
b If ais odd and b is odd, then ab is odd.

assume a (s odd & b is even
Since a (s 06!0{/ a= 2m + | Y m € Z
Since b (S even b = 2n, ¥ ne€ Z an a &l may

a+b = (2mt+1) F2n be  different

= 2m +2n +/

= 2(m+n) F 1
= 2k 4 where )<:(m+n>€2

hence a+b s odd
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Direct proof

To give a direct proof of a conditional statement P = Q, we assume that the hypothesis P
is true, and then show that the conclusion Q follows.

Example 1

Prove the following statements:

a Ifaisodd and b is even, then a + b is odd.
b If ais odd and b is odd, then ab is odd.




Direct proof
To give a direct proof of a conditional statement P = Q, we assume that the hypothesis P
is true, and then show that the conclusion Q follows.

Example 1

Prove the following statements:
a Ifaisodd and b is even, then a + b is odd.
b If ais odd and b is odd. then ab is odd.

acsume both o« and b are odd
fﬁxu{ az=2m + [ and Q)f 2 4| §0r fome mon € W

ab = Om+1)2n +1)
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Lin(/e ab ¢ odd
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Let p, g € Z such that p is divisible by 5 and ¢ is divisible by 3. Prove that pq is divisible
by 15.



Let p, g € Z such that p is divisible by 5 and ¢ is divisible by 3. Prove that pq is divisible
by 15.

Since ]D i< OQIUISIL)LQ L’Jg} 5, /3: Sm 'For Some M =
Sincl i l'f Cé/\/lf/k& élj 3/ 5L -~ 3h{ %)/ Jonme . GZ
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Let x and y be positive real numbers. Prove that if x > y, then x*> > y°.



‘ Let x and y be positive real numbers. Prove that if x > y, then x> > y°.

assume  x > Y, meaning X -y > O .
, o casier to prove
Since ‘)(_Z(% aré P@S/f!\/e, X F (j > O
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Example 4

Let x and y be any two positive real numbers. Prove that
X L
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Example 4

Let x and y be any two positive real numbers. Prove that
xX+y
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’ z end  wp with o Correct
= Xty =2 2\/3“4 St‘a‘f&m&mﬁ/

=> (x+9)" = 4y Love
= ch—FZxcﬁ 1’%17' = 43C‘j
=> > * -2sy Hy2 0

(x-4y) =z o



Example 4

Let x and y be any two positive real numbers. Prove that
xX+y

2> =V
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o 2
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= Iz—l—lxgi‘k\/jz = 43C‘j
= D<2-2_m9+—32‘>/o

(X——kjyz > 5 ((AC1<(/% weé  @n

tvelse  thu f}'e{Dg
¢ Ufe Q>[:_> = Ja > 5



Breaking a proof into cases

Sometimes it helps to break a problem up into different cases.

Every person on an island is either a knight or a knave. Knights always tell the truth,
and knaves always lie. Alice and Bob are residents on the island. Alice says: ‘We are
both knaves.” What are Alice and Bob?



Breaking a proof into cases Al gPokg cant  be

Sometimes it helps to break a problem up into different cases. m | Md an
Hu'e 1

Every person on an island is either a knight or a knave. Knights always tell the truth, f) artiall Y 'Aw

and knaves always lie. Alice and Bob are residents on the island. Alice says: ‘We are

both knaves.” What are Alice and Bob?

. . \ ' .
Suppoce Ailice is @ J<m6\/1t SUPFDM Alice jc a  knave
=D Ao 1< te ang the truth =D Alice < Lg/‘f\ 9
=D Alice & Bob are LOJCIA k naves =D Al & Lol oue L)o*[’j,, not
knaves

=D Mice 1< a knape & o k’”g%f =D Rob 1c « km‘ﬁttjt
Which ¢ (!’YIPOSSJQLQ.
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Assigned Task
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